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Abstract
In this paper, we deal with fluid motion in terms of quantum
mechanics. Mechanism accounting for the appearance of
quantum behavior is discussed.
Consider a ideal fluid which is composed of discrete
identical particles, its mass and charge are m and q
respectively, it is convenient to consider the fluid to
be a flow characterized by a 4-vector velocity field
u(x1, x2, x3, x4 = ict) in a Cartesian coordinate system
(in a laboratory frame of reference). The particle will
be affected by the 4-vector force due to electromagnetic
interaction. According to the relativistic Newton’s sec-
ond law, the motion of the particle satisfies the following
governing equations
m
duµ
dτ
= qFµνuν (1)
uµuµ = −c
2 (2)
where Fµν is the curl of electromagnetic 4-vector poten-
tial A. Since the Cartesian coordinate system is a frame
of reference whose axes are orthogonal to one another,
there is no distinction between covariant and contravari-
ant components, only subscripts need be used. Here and
below, summation over twice repeated indices is implied
in all case, Greek indices will take on the values 1,2,3,4,
and regarding the mass m as a constant. Eq.(1) and (2)
is valid at every point for every particle. As mentioned
above, the 4-vector velocity u can be regarded as a 4-
vector velocity field, then
duµ
dτ
=
∂uµ
∂xν
dxν
dτ
= uν∂νuµ (3)
qFµνuν = quν(∂µAν − ∂νAµ) (4)
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Substituting them back into Eq.(1), and re-arranging
their terms, we obtain
uν∂ν(muµ + qAµ) = uν∂µ(qAν)
= uν∂µ(muν + qAν)− uν∂µ(muν)
= uν∂µ(muν + qAν)−
1
2
∂µ(muνuν)
= uν∂µ(muν + qAν)−
1
2
∂µ(−mc
2)
= uν∂µ(muν + qAν) (5)
Using the notation
Kµν = ∂µ(muν + qAν)− ∂ν(muµ + qAµ) (6)
Eq.(5) is given by
uνKµν = 0 (7)
Because Kµν contains the variables ∂µuν , ∂µAν , ∂νuµ
and ∂νAµ which are independent from uν , then a solution
satisfying Eq.(7) is of
Kµν = 0 (8)
∂µ(muν + qAν) = ∂ν(muµ + qAµ) (9)
The above equation allows us to introduce a potential
function Φ in mathematics, further set Φ = −ih¯ lnψ, we
obtain a very important equation
(muµ + qAµ)ψ = −ih¯∂µψ (10)
where ψ representing the wave nature may be a complex
mathematical function, its physical meanings will be de-
termined from experiments after the introduction of the
Planck’s constant h¯.
Multiplying the two sides of the following familiar
equation by ψ
−m2c2 = m2uµuµ (11)
which is valid at every point in the 4-vector velocity field,
and using Eq.(10), we obtain
1
−m2c2ψ = muµ(−ih¯∂µ − qAµ)ψ
= (−ih¯∂µ − qAµ)(muµψ)− [−ih¯ψ∂µ(muµ)]
= (−ih¯∂µ − qAµ)(−ih¯∂µ − qAµ)ψ
−[−ih¯ψ∂µ(muµ)] (12)
According to the continuity condition for the fluid
∂µ(muµ) = 0 (13)
we have
−m2c2ψ = (−ih¯∂µ − qAµ)(−ih¯∂µ − qAµ)ψ (14)
Its form is known as the Klein-Gordon equation.
On the condition of non-relativity, the Schrodinger
equation can be derived from the Klein-Gordon equation
[3](P.469).
However, we must admit that we are careless when
we use the continuity condition Eq.(13), because, from
Eq.(10) we obtain
∂µ(muµ) = ∂µ(−ih¯∂µ lnψ − qAµ) = −ih¯∂µ∂µ lnψ (15)
where we have used the Lorentz gauge condition. Thus
from Eq.(11) to Eq.(12) we obtain
−m2c4ψ = (−ih¯∂µ−qAµ)(−ih¯∂µ−qAµ)ψ+h¯
2ψ∂µ∂µ lnψ
(16)
This is of a complete wave equation for describing accu-
rately the motion of the fluid. The Klein-Gordon equa-
tion is a linear equation so that the principle of superpo-
sition remains valid, with the addition of the last term of
Eq.(16), Eq.(16) turns to display chaos.
In the following we shall show the Dirac-form equa-
tion from Eq.(10) and Eq.(11). From Eq.(10), the wave
function can be given in integral form by
Φ = −ih¯ lnψ =
∫ x
x0
(muµ + qAµ)dxµ + θ (17)
where θ is an integral constant, x0 and x are the initial
and final points of the integral with an arbitrary inte-
gral path. Since the Maxwell’s equations are gauge in-
variant, Eq.(10) should preserve invariant form under a
gauge transformation specified by
A′µ = Aµ + ∂µχ, ψ
′
← ψ (18)
where χ is an arbitrary function. Then Eq.(17) under
the gauge transformation is given by
ψ
′
= exp
{
i
h¯
∫ x
x0
(muµ + qAµ)dxµ +
i
h¯
θ
}
exp
{
i
h¯
qχ
}
= ψ exp
{
i
h¯
qχ
}
(19)
The situation in which a wave function can be changed in
a certain way without leading to any observable effects
is precisely what is entailed by a symmetry or invari-
ant principle in quantum mechanics. Here we emphasize
that the invariance of velocity field is hold for the gauge
transformation.
Suppose there is a family of wave functions ψ(j), j =
1, 2, 3, ..., N, which correspond to the same velocity field
denoted by Pµ = muµ, they are distinguishable from
their different phase angles θ as in Eq.(17). Then Eq.(11)
can be given by
0 = PµPµψ
(j)ψ(j) +m2c2ψ(j)ψ(j) (20)
Suppose there are matrices aµ which satisfy
aνljaµjk + aµljaνjk = 2δµνδlk (21)
then Eq.(20) can be rewritten as
0 = aµkjaµjkPµψ
(k)Pµψ
(k)
+(aνljaµjk + aµljaνjk)Pνψ
(l)Pµψ
(k)|ν≥µ,whenν=µ,l 6=k
+mcψ(j)mcψ(j)
= [aνljPνψ
(l) + iδljmcψ
(l)][aµjkPµψ
(k) − iδjkmcψ
(k)]
(22)
Where δjk is the Kronecker delta function, j, k, l =
1, 2, ..., N . For the above equation there is a special so-
lution given by
[aµjkPµ − iδjkmc]ψ
(k) = 0 (23)
There are many solutions for aµ which satisfy Eq.(21),
we select a set of aµ as
N = 4, aµ = γµ (µ = 1, 2, 3, 4) (24)
γn = −iβαn (n = 1, 2, 3), γ4 = β (25)
where γµ, α and β are the matrices defined in the Dirac
algebra[1](P.557). Substituting them into Eq.(23), we
obtain
[ic(−ih¯∂4−qA4)+cαn(−ih¯∂n−qAn)+βmc
2]ψ = 0 (26)
where ψ is an one-column matrix about ψ(k).
Let index s denote velocity field, then ψs(x) whose
four component functions correspond to the same veloc-
ity field s may be regarded as the eigenfunction of the
2
velocity field s, it may be different from the eigenfunc-
tion of energy. Because the velocity field is an observable
in a physical system, in quantum mechanics we know that
the ψs(x) constitute a complete basis in which arbitrary
function φ(x) can be expanded in terms of them
φ(x) =
∫
C(s)ψs(x)ds (27)
Obviously, φ(x) satisfies Eq.(26). The form of Eq.(26) is
well known as the Dirac equation.
Alternatively, another method to show the Dirac equa-
tion is more traditional: At first, we show the Dirac equa-
tion of free particle by employing plane waves, we easily
obtain Eq.(26) on the condition of Aµ = 0; Next, adding
electromagnetic field, plane waves are valid in any finite
small volume with the momentum of Eq.(10) when we re-
gard the field to be uniform in the volume, so the Dirac
equation Eq.(26) is valid in the volume even if Aµ 6= 0,
plane waves constitute a complete basis in the volume;
Third, the finite small volume can be chosen to locate at
anywhere, then anywhere have the same complete basis,
therefore the Dirac equation Eq.(26) is valid at anywhere.
But, do not forget that the Dirac equation is a special
solution of Eq.(22), therefore we believe there are some
quantum effects beyond the Dirac equation.
It follows from Eq.(10) that the path of particle is anal-
ogous to ”lines of electric force” in 4-dimensional space-
time. In the case that the Klein-Gordon equation is valid,
i.e. Eq.(13) is valid, at any point, the path can have but
one direction (i.e. the local 4-vector velocity direction),
hence only one path can pass through each point of the
space-time. In other words, the path never intersects it-
self when it winds up itself into a cell about a nucleus.
No path originates or terminates in the space-time. But,
in general, the divergence of the 4-vector velocity field
does not equal to zero, as indicated in Eq.(15).
In mechanics of fluid, it was shown that vortexes can
not originate or disappear in an ideal fluid moving in
the field of a potential force because of curl−→v = 0.
But according to Eq.(9) and Eq.(10), the condition of
curl−→v = 0 is hardly satisfied by the ideal fluid when
the interaction between particles must be taken into ac-
count, consequently, one can constantly observe the cre-
ation and disappearance of the vortexes in a real fluid
with where the internal or external interaction occurs.
Based on the above derivation, we confirm that the
dynamic condition of appearance of quantum behavior
in the ideal fluid is that the Planck’s constant h¯ is not
relatively small in analogy with that for single particle,
the condition of the appearance of spin structure in the
fluid is that Eq.(15) is not negligeable. The mechanism
profoundly accounts for the quantum wave natures[6][7].
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